Tensor operators for the Jordanian quantum algebra U h (sl(2)) are considered. Some explicit examples of them, which are obtained in the boson or fermion realization, are given and their properties are studied. It is also shown that the Wigner-Eckart's theorem can be extended to U h (sl(2)).
Introduction
where h is the deformation parameter. The coproduct ∆, the counit ǫ and the antipode S are given by ∆(X) = X ⊗ 1 + 1 ⊗ X, ∆(Y ) = Y ⊗ e hX + e −hX ⊗ Y, (2.2) ∆(H) = H ⊗ e hX + e −hX ⊗ H,
3) S(X) = −X, S(Y ) = −e hX Y e −hX , S(H) = −e hX He −hX , (2.4) so that U h (sl (2)) is a Hopf algebra. The Casimir element belonging to the center of U h (sl (2) ) is [5] C = 1 2h {Y (sinh hX) + (sinh hX)Y } + 1 4
The Jordanian quantum algebra U h (sl (2)) is a non-standard deformation of the universal enveloping algebra of sl (2), since all expressions given in (2.1) -(2.5) reduce to the corresponding ones for sl(2) in the limit of h → 0. Note that we can eliminate the deformation parameter h from all expressions by making the replacement hX → X and h −1 Y → Y . Thus U h (sl (2) ) is isomorphic to U h=1 (sl(2)). We however remain the parameter h throughout this paper in order to consider the limit of h → 0.
The finite dimensional irreps of U h (sl(2)) can be obtained by using the nonlinear relation between generators of U h (sl (2) ) and sl(2) [10] . With the definition
, (2.6) it follows that Z ± and H satisfy the sl(2) commutation relations
and the Casimir element (2.5) is rewritten as
We can take undeformed representation bases for Z ± and H
where j = 0, 1/2, 1, 3/2, · · · and m = −j, −j +1, · · · , j. The vectors {|jm } are nothing but the representation bases for sl (2) , their complete orthonormality and the representation matrices for bra vectors follow immediately. The representation matrices for X and Y can be obtained by solving (2.9) with respect to Z ± . The closed form of their expressions is given in [14] and this shows that finite dimensional highest weight irreps for U h (sl(2)) are classified in the same way as sl(2).
Clebsch-Gordan Coefficients for U h (sl(2))
In this section, we review some known results on the tensor products of two irreps given in the previous section. Although Z ± and H are the elements of sl(2), their coproducts are given in terms of ∆(X), ∆(Y ) and ∆(H) (see [13, 14] for explicit formulae of ∆(Z ± )) so that the irreducible decomposition of tensor product representations is a nontrivial problem. This problem is solved in [13, 14] and [15] .
Theorem 1
The tensor product of two irreps of U h (sl(2)) with highest weight j 1 and j 2 is completely reducible and the decomposition into irreps is given by
where each irrep is multiplicity free. Namely, the decomposition rules for U h (sl (2)) and sl(2) are same.
The CGC for U h (sl(2)) can be obtained by introducing new vectors defined by
We use the following definition of the binomial coefficients, since the suffices m i in b
takes negative values
Note that the coefficients α
depend on j 1 and j 2 , although the dependence is not shown explicitly. Note also that, in the limit of h → 0, all coefficients α 
This tells us that the action of ∆(Z ± ) and ∆(H) on a intermediate vector is the same as the action of the undeformed coproducts of sl (2) elements on a vector |j 1 m 1 ⊗ |j 2 m 2 . Therefore, the bases of irreps for ∆(Z ± ) and ∆(H) are obtained by linear combinations of the intermediate vectors with the CGC for sl (2) .
where
Before closing this section, we add a new result. The intermediate vectors for the dual space (space spanned by bra vectors) are given by
The action of ∆(Z ± ) and ∆(H) on (3.7) is the same as the action of the undeformed coproducts of sl(2) elements on a vector j 1 m 1 | ⊗ j 2 m 2 |. This can be proved by the same way as in [14] . The orthogonality of the coefficients α
results the orthonormality of the intermediate vectors
Note that the representations of ∆(H) and ∆(Z ± ) on the intermediate vectors (for both bra and ket vectors) are unitary. Therefore Eq. (3.8) is nothing but the well-known fact that the eigenvectors of a hermitian operator with different eigenvalues are orthogonal each other.
4 Tensor Operators for U h (sl(2))
Definition of Tensor Operators
Rittenberg and Scheunert gave a general definition of tensor operators for a Hopf algebra [16] . To define tensor operators, we first define the adjoint action of a Hopf algebra.
Definition 1 Let H be a Hopf algebra, let W, W ′ be its representation space, and let t be a operator which carries W into W ′ . Then the adjoint action of c ∈ H on t is defined by
where the coproduct for c is written as ∆(c) = i c i ⊗ c ′ i . The adjoint action has two important properties
From these properties, we can show that the adjoint action gives a representation of H
Tensor operators are defined as operators which form representation bases of a Hopf algebra under the adjoint action.
Definition 2 Let T be a set of operators, and D(c) (j) be a representation matrix of c ∈ H with the highest weight j. The operators t jm ∈ T are called rank j tensor operators, if they satisfy the relations ad c(
The adjoint action of X, Y and H is given by 
Some Examples of U h (sl(2)) Tensor Operators
In this section, we shall give explicit expressions of three kinds of U h (sl(2)) tensor operators. To show the existence of U h (sl(2)) tensor operators, it is enough to construct rank 1/2 tensor operators, since higher rank tensor operators can be obtained by decomposing a tensor product of some rank 1/2 tensor operators. This is due to the fact that tensor operators are representation bases of U h (sl(2)) and we have a explicit formula for the U h (sl(2)) CGC.
The tensor operators given here are (1) rank 1/2 tensor operators in fermion realization of U h (sl(2)), (2) rank 1/2 tensor operators in boson realization of U h (sl(2)), (3) rank 1 tensor operators constructed by the generators of U h (sl(2)) themselves. The basic idea for (1) and (2) is quite simple. We realize U h (sl(2)) with the generators of sl(2)
where J ± and J 0 are generators of sl(2). This is obtained by solving (2.6) with respect to X and Y and regarding {Z ± , H} as the generators of sl(2). Then we realize sl(2) in terms of fermions or bosons. We need representation matrices of X, Y and H for j = 1/2 and 1 to find the rank 1/2 or 1 tensor operators. The representation matrices for j = 1/2 read
and for j = 1
Note that the representation matrices for j = 1/2 are same as the ones for h → 1, however rank 1/2 tensor operators are nontrivial since the adjoint action has different form (see (4.4) ). Let us first consider the fermion realization. We introduce two kinds of mutually anticommuting fermions
These fermions realize sl(2) (the so-called fermion quasi spin formalism), 6) where N i ≡ a † i a i is the number operator for ith fermion. This realization gives two representations of sl(2) and U h (sl(2)). One of them is the two dimensional irrep whose representation space W (1/2) has bases = |0 , where |0 denotes the fermion vacuum. The other is the trivial representation whose representation space W (0) is spanned by a † 1 |0 or a † 2 |0 . The advantage of the fermions is that the adjoint action has a simpler form, since the nilpotency of fermions results X 2 = 0. We find two kinds of rank 1/2 tensor operators in this realization
and and
The action of (4.11) on W (j) reads
On the other hand, the action of (4.12) on W (j) reads
Therefore, we see that the action of tensor operators (4.11) gives rise to a mapping W (j) → W (j+1/2) , while the tensor operators (4.12)
. The third example of tensor operators is constructed with the generators of U h (sl(2)) themselves. It is also straightforward to verify that the rank 1 tensor operators are given by
hX sinh hX h ,
17)
These are combination of the U h (sl(2)) generators so that they can act on any irrep space and do not change the value of highest weight :
. All the result given here is a natural analogue of sl (2), since they have the counterparts, which are well-known properties of sl(2) tensor operators, in the limit of h → 0. Therefore we have seen new similarities between the representation theories of U h (sl(2)) and sl(2).
Wigner-Eckart's Theorem
The results in the previous section enable us to consider an extension of the WignerEckart's theorem to the Jordanian quantum algebra U h (sl (2)). The purpose of this section is to show that the Wigner-Eckart's theorem can be extended to U h (sl(2)).
Theorem 2 Let T (j 1 ) be a set of rank j 1 tensor operators, let W (j) be irrep space of U h (sl(2)) with highest weight j and suppose that t
where I(j 1 j 2 j) is a constant independent of m 1 , m 2 and m.
Proof : According to [17] , we consider an element
The LHS of ⊗ is a tensor operator, since the adjoint action is a linear transformation on T (j 1 ) . Thus we can consider an action of the LHS of ⊗ on the RHS : t ⊗ |jm → t |jm . This operation is called a "contraction" in [17] . Noting that ad e −hX (t j 1 m 1 ) = e −hX t j 1 m 1 e hX and contractiong (5.2), we obtain Ht j 1 m 1 |j 2 m 2 . Similar calculation shows that ∆(c)t
where the arrow means that the RHS is a result of the contraction. An intermediate vector on
is given by
Because of (3.4), the action of ∆(Z ± ) on the vector yields
Using ( This relation can be solved with respect to jm| t j 1 k 1 |j 2 k 2 , and the Wigner-Eckart's theorem (5.1) has been proved. Remark : From (3.7) and the fact that the sl(2) CGC for bra and ket vectors are equal, we see that the quantity appearing in the right hand side of (5.1) is the U h (sl(2)) CGC for bra vectors. This is a general property of the Wigner-Eckart's theorem [18] .
